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Abstract 

In the present article we discuss the classification of quantum groups 
whose quasi-classical limit is a given simple complex Lie algebra q. 
This problem reduces to the classification of all Lie bialgebra struc- 
tures on 0(K), where K = C((h)). The associated classical double 
is of the form g(5C) <8>k A, where A is one of the following: K[e], 
where e 2 = 0, K ® I or IKfj] , where j 2 = h. The first case relates 
to quasi-Frobenius Lie algebras. In the second and third cases we in- 
troduce a theory of Belavin-Drinfeld cohomology associated to any 
non-skewsymmetric r- matrix from the Belavin-Drinfeld list [1]. We 
prove a one-to-one correspondence between gauge equivalence classes 
of Lie bialgebra structures on and cohomology classes (in case 

II) and twisted cohomology classes (in case III) associated to any non- 
skewsymmetric r-matrix. 

1 Introduction 

Let k be a field of characteristic 0. According to [3], a quantized universal 
enveloping algebra (or a quantum group) is a topologically free topological 
Hopf algebra H over the formal power series ring k[[H]] such that H/hH is 
isomorphic to the universal enveloping algebra of a Lie algebra g over k. 

The quasi-classical limit of a quantum group is a Lie bialgebra. By def- 
inition, a Lie bialgebra is a Lie algebra q together with a cobracket 5 which 
is compatible with the Lie bracket. Given a quantum group H, with co- 
multiplication A, the quasi-classical limit of H is the Lie bialgebra q of 
primitive elements of H/hH and the cobracket is the restriction of the map 
(A - A 21 ) / h(modh) to cj. 
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The operation of taking the semiclassical limit is a functor SC : QU E — > 
LB A between categories of quantum groups and Lie bialgebras over k. The 
quantization problem raised by Drinfeld aims at finding a quantization func- 
tor, i.e. a functor Q : LB A — > QUE such that SC o Q is isomorphic to the 
identity. Moreover, a quantization functor is required to be universal, in the 
sense of props. 

The existence of universal quantization functors was proved by Etingof 
and Kazhdan jU |5]. They used Drinfeld's theory of associators to construct 
quantization functors for any field k of characteristic zero. Drinfeld intro- 
duced the notion of associator in relation to the theory of quasi-triangular 
quasi-Hopf algebras and showed that associators exist over any field k of 
characteristic zero. Etingof and Kazhdan proved that for any fixed associa- 
tor over k one can construct a universal quantization functor. More precisely, 
let (g, 5) be a Lie bialgebra over k. Then one can associate a Lie bialgebra Qa 
over k[[h}} defined as (g ®& fe [[/&]], M). According to Theorem 2.1 of [5j there 
exists an equivalence Q between the category L£M. (A;[[/i]]) of topologically 
free over k[[H}] Lie bialgebras with 5 = 0(mod/i) and the category ifv4 (fc[[/l]]) 
of topologically free Hopf algebras cocommutative modulo h. Moreover, for 
any (g, 5) over k, one has the following: Q(qh) = Uh(q)- 

The aim of the present article is the classification of quantum groups 
whose quasi-classical limit is a given simple complex Lie algebra g. Due 
to the equivalence between if A (C[[/i]]) and Li?y4 (C[[/i]]), this problem is 
equivalent to classification of Lie bialgebra structures on g ©c For 
simplicity, denote O := C[[K)), K := C((ft)), g(O) := ©c O and g(K) := 
g ©c K. 

On the other hand, in order to classify cobrackets on g(O) it is enough to 
classify cobrackets on g(K). Indeed, if S is a Lie bialgebra structure on g(O), 
then it can be naturally extended to g(K). Conversely, given a Lie bialgebra 
structure 5 on g (K) , then by multiplying 5 by an appropriate power of h, the 
restriction of 5 to g(O) is a Lie bialgebra structure on g(O). 

Now, from the general theory of Lie bialgebras it is known that each Lie 
bialgebra structure 5 on a fixed Lie algebra L one can construct the corre- 
sponding classical double D(L, 5) which is the vector space L © L* together 
with a bracket which is induced by the bracket and cobracket of L, and a 
nondegenerate invariant bilinear form. We consider L = g(K) and prove 
Prop. 12.11 which states that there exists an associative, unital, commutative 
algebra A, of dimension 2 over K, such that _D(g(K),<5) = g(K) £g> K A. In 
Prop. 12.31 we show that there are three possibilities for A: A = K[e], where 
e 2 = 0, A = K © K or A = K[j], where j 2 = h. 

Due to the correspondence Lie bialgebras-Manin triples, to any Lie bial- 
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gebra structure 5 on L one can associate a certain Lagrangian subalgebra W 
of D(L,5) which is complementary to L and conversely, any such W pro- 
duces a Lie cobracket on L. The main problem is to obtain a classification of 
all such subalgebras W for the three choices of A as above. We investigate 
separately each choice of A. 

For A = K[s], where e 2 = 0, it turns out that the classification problem 
is related to that of quasi-Frobenius Lie subalgebras over A. 

In the case of A = IK © K, we introduce Belavin-Drinfeld cohomologies. 
Namely, for any non-skewsymmetric constant r- matrix tbd from the Belavin- 
Drinfeld list jTJ, we associate a cohomology set H bd (tbd)- We prove that 
there exists a one-to-one correspondence between any Belavin-Drinfeld co- 
homology and gauge equivalence classes of Lie bialgebra structures on g(K). 
Then we restrict our discussion to Q — sl(n) and we show that all cohomolo- 
gies are trivial. We also discuss the case of orthogonal algebras g = o(n), 
where it turns out that the cohomology associated to the Drinfeld-Jimbo 
r-matrix is trivial for even n and non-trivial for odd n. 

We finally move to the classification of Lie bialgebras whose classical 
double is isomorphic to g(IK[j]), with j 2 = ft. We restrict ourselves to 
g = sl(n) and we show that in this case a cohomology theory can be intro- 
duced too. Our result states that there exists a one-to-one correspondence 
between Belavin-Drinfeld twisted cohomology and gauge equivalence classes 
of Lie bialgebra structures on g(K). We prove that the twisted cohomology 
corresponding to the Drinfeld-Jimbo r-matrix is trivial. We also illustrate 
an example where the twisted cohomology corresponding to another non- 
skewsymmetric constant r-matrix is non-trivial. 

In the last section of the article we formulate a conjecture stating that the 
Belavin-Drinfeld cohomology associated to the Drinfeld-Jimbo r-matrix is 
trivial if and only if g is simply laced. We also define the quantum Belavin- 
Drinfeld cohomology and formulate a second conjecture about the existence 
of a natural correspondence between classical and quantum cohomologies. 

2 Lie bialgebra structures on fl(K) 

Let g be a simple complex finite-dimensional Lie algebra. Consider the Lie 
algebras g(O) =g®cO and g(K) = g ®c K. 

We have seen that the classification of quantum groups with quasi-classical 
limit g is equivalent to the classification of all Lie bialgebra structures on 
g(0). Moreover, as explained in the introduction, in order to classify Lie 
bialgebra structures on g(O), it is enough to classify them on g(K). 

Let us assume that 5 is a Lie bialgebra structure on g(K). This cobracket 
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endows the dual of g(IK) with a Lie bracket. Then one can construct the 
corresponding classical double D(g(K),S). As a vector space, D(g(K),5) = 
g(K) ©u(K)*. As a Lie algebra, it is endowed with a bracket which is induced 
by the bracket and cobracket of g(K). Moreover the canonical symmetric 
nondegenerate bilinear form on this space is invariant. 

Similarly to Lemma 2.1 from [6], one can prove that D(g(K), 5) is a direct 
sum of regular adjoint g-modules. Combining this result with Prop. 2.2 from 
[2J, it follows that 

Proposition 2.1. There exists an associative, unital, commutative algebra 
A, of dimension 2 over IK, such that D(g(K), 5) = g(K) ©k A. 

Remark 2.2. The symmetric invariant nondegenerate bilinear form Q on 
g(K) ©k A is given in the following way. For arbitrary elements fx, / 2 G fl(K) 
and a, b G A we have ® a, f 2 ® b) = K(fi, / 2 ) • t(ao), where if denotes 
the Killing form on g(K) and t : A — > K is a trace function. 

Let us investigate the algebra A. Since A is unital and of dimension 2 
over IK, one can choose a basis {e, 1}, where 1 denotes the unit. Moreover, 
there exist p and q in K such that e 2 + pe + q = 0. Let A = p 2 — 4g G IK. We 
distinguish the following cases: 

(i) Assume A = 0. Let e := e + -. Then e 2 = and A = Ke © K = K[e\. 

(ii) Assume A / and has even order as an element of IK. This implies 
that A = h 2m (aQ + a,ih + d2^ 2 + ...), where m is an integer, are complex 
coefficients and ao 7^ 0. 

One can easily check that the equation x 2 = ao + aih + 0,2 ft 2 + ... has two 
solutions ±x = Xo + Xi/i + X2^ 2 + ... in O. 

Then e = — — ± - , which implies that e G K and A = K © K. 

(iii) Assume A / and has odd order as an element of IK. We have 
A = h 2m+1 (a + a\fi + a2^. 2 + ...), where m is an integer, a, are complex 
coefficients and ao 7^ 0. 

Again the equation x 2 = ao + a\K + a2^. 2 + ... has two solutions ±x = 
xo + x\h + X2JI 2 + ... in O. Since ao 7^ 0, we have xo ^ and thus x is 
invertible in O. 

Let j = h~ m (2e + p)x~ 1 . Then e 2 + pe + q = is equivalent to j 2 = ft. 
On the other hand, A = KeffilK and 2e = K m xj-p imply that A = K/©K. 
Therefore, we obtain that A = K[j] where j 2 = h. 
We can summarize the above facts: 

Proposition 2.3. Let 5 be an arbitrary Lie bialgebra structure on g(K). The 
classical double D(g(K), 5) is isomorphic to g(K) £g>K A, where A = K[e] and 
e 2 = 0, A = K © K or A = K\j] and j 2 = h. 
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On the other hand, it is well-known, see for instance [3J, that there is a 
one-to-one correspondence between Lie bialgebra structures on a Lie algebra 
L and Manin triples (D(L), L,W). For L = g(K), this fact implies the 
following 

Proposition 2.4. There exists a one-to-one correspondence between Lie bial- 
gebra structures on g(K) for which the classical double is g(K) ©k ^4 and 
Lagrangian subalgebras W of g(K) ©k A ; un't/i respect to the nondegenerate 
bilinear form Q, and transversal to g(K). 

Corollary 2.5. There exists a one-to-one correspondence between Lie 
bialgebra structures on g(K) for which the classical double is g(K[e]) ; e 2 = ; 
and Lagrangian subalgebras W of g(K[e]), and transversal to g(K). 

(nj There exists a one-to-one correspondence between Lie bialgebra struc- 
tures on g(K) for which the classical double is g(K) © fl(K) and Lagrangian 
subalgebras W o/g(K) ©g(K), and transversal to g(K), embedded diagonally 
into g(K) ffig(K). 

(m) There exists a one-to-one correspondence between Lie bialgebra struc- 
tures on g(K) /or which the classical double is g(K[j]) ; where j 2 = h, and 
Lagrangian subalgebras W o/g(K[j']), and transversal to g(K). 

3 Lie bialgebra structures in Case I 

Here we study the Lie bialgebra structures 5 on g(K) for which the corre- 
sponding Drinfeld double is isomorphic to g(K[e]), e 2 = 0. Our problem is 
to find all subalgebras W of g(K[e]) satisfying the following conditions: 

(i) W®g(K) =g(K[e]). 

(ii) W = W 1 - with respect to the nondegenerate symmetric bilinear form 
Q on g(K[e]) given by 

Q(h(h)+ef 2 (h), gi (h)+eg 2 (h)) = K{f u g 2 ) + K{f 2 , 9l ). 

Proposition 3.1. Any subalgebra W o/g(K[e]) satisfying conditions (i) and 
(ii) from above is uniquely defined by a subalgebra L o/g(K) together with a 
nondegenerate 2-cocycle B on g(K). 

Proof. The proof is similar to that of Th. 3.2 and Cor. 3.3 from [8]. □ 

Remark 3.2. We recall that a Lie algebra is called quasi- Frobenius if there 
exists a nondegenerate 2-cocycle on it. It is called Frobenius if the cor- 
responding 2-cocycle is a coboundary. Thus we see that the classification 
problem for the Lagrangian subalgebras we are interested in contains the 
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classification of Frobenius subalgebras of fl(K). This question is quite com- 
plicated, as it is known from studying Frobenius subalgebras of g. However, 
for q = sl(2) there is only one Frobenius subalgebra, the standard parabolic 
one. 

4 Lie bialgebra structures in Case II 

Our task is to classify Lie bialgebra structures on g(K) for which the associ- 
ated classical double is isomorphic to g(K) © g(IK). 

Lemma 4.1. Any Lie bialgebra structure 5 on g(K) for which the associated 
classical double is isomorphic to £}(K) © g(IK) is a coboundary 5 = dr given 
by an r-matrix satisfying r + r 21 = f'Q, where f G IK and CYB(r) = 0. 

We may suppose that f — 1. Naturally we want to classify all such 
r up to Ad(G(K))-equivalence. Since we are mainly going to discuss this 
classification problem in case g = sl(n) and g = o(n), we will work with 
GL(n, K)-equivalence and 0(n, K) -equivalence respectively. 

Let K denote the algebraic closure of K. Any Lie bialgebra structure 5 
over K can be extended to a Lie bialgebra structure 5 over K. 

According to pQ, Lie bialgebra structures on a simple Lie algebra over 
an algebraically closed field are coboundaries given by non-skewsymmetric r- 
matrices. These r-matrices have been classified up to Ad(G(IK))-equivalence 
and they are given in terms of admissible triples. 

Now, let r be an r-matrix corresponding to a Lie bialgebra on g(K). Up to 
Ad(G(K))-equivalence, we have the Belavin-Drinfeld classification. We may 
therefore assume that our r-matrix is of the form rx = (Adx © Adx )(Vrd), 
where X G G(K) and r^D satisfies the system r + r 21 = Q and CYB(r) = 0. 
The corresponding bialgebra structure is 5(a) = [rx, a © 1 + 1 © a] for any 
a G g(K). 

Let us take an arbitrary o G Ga/(K/K). Then we have (er © a) (5 (a)) = 
[<y(rx),a © 1 + 1 © a] and (a © a)(5(a)) = 5(a), which imply that a(rx) = 
rx + aQ, for some a G K. Let us show that a = 0. Indeed, Q = a(Q) = 
°~( r x) + cr ( r x) = i r x + r x l + 2aQ. Thus a = and cr(rx) = rx- Consequently, 
we get 

(Ad x -i CT (x) ® Adx-i CT (x))0"Bi?) = r BD . 
We recall the following 

Definition 4.2. Let r be an r-matrix. The centralizer C(r) of r is the set 

of all X G G(K) satisfying (Ad^ © Ad x )(r) = r. 
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We have thus obtained that X 1 cr(X) G C(r BD ), for any a G Gal(K/K). 

Definition 4.3. Let r BB > be a non-skewsymmetric r-matrix from the Belavin- 
Drinfeld list and C(r BD ) its centralizer. We say that X G G(K) is a Belavin- 
Drinfeld cocycle associated to r BD if X~ l a{X) G C(r BD ), for any er G 
Ga/(K/K). 

We denote the set of Belavin-Drinfeld cocycles associated to r BD by 
Z(r B £)). This set is non-empty, always contains the identity. 

Definition 4.4. Two cocycles X\ and X 2 in Z(r BB) ) are called equivalent if 
there exists Q G G(K) and C G C(r BD ) such that Xi = QX 2 C. 

Definition 4.5. Let H BD (r BB) ) denote the set of equivalence classes of co- 
cycles from Z(r BB) ). We call this set the Belavin-Drinfeld cohomology asso- 
ciated to the r-matrix r BD . The Belavin-Drinfeld cohomology is said to be 
trivial if all cocycles are equivalent to the identity, and non-trivial otherwise. 

We make the following remarks: 

Remark 4.6. Assume that X G Z{r B £>). Then for any o G Gal (K/K), 
a(X) = XC, for some C G C{r BD ). We get (Ad a(x) ® M a{x) ){r- BD ) = 
(Adx <8> Adx)(r BD ). Consequently, (Adx <S> Ad x )(r BD ) induces a Lie bialge- 
bra structure on fl(K). 

Remark 4.7. Assume that X\ and X 2 in Z(r BB j) are equivalent. Then Xi = 
<5A 2 C, for some Q G G(K) and C G C{r- BB) ). This implies that (Adx x <8> 
AdxJr^D = (Adgx 2 ® Adgx 2 )( r B-D)- in other words the r-matrices (Adx x ® 
Adx 1 )(r j B£ ) ) and (Adx 2 <8> Adx 2 )(^BD) are gauge equivalent over K via an 
element Q G G(K). 

The above remarks imply the following result. 

Proposition 4.8. Let r BB > be a nonskew symmetric r-matrix over K. There 
exists a one-to-one correspondence between H BD (r BD ) and gauge equivalence 
classes of Lie bialgebra structures on fl(K) with classical double fl(K) ©$j(K) 
and K-isomorphic to 8{tbd)- 

Our next goal is to compute H BD (r BD ). Let us first restrict ourselves 
to q = sl(n) and the cohomology associated to the Drinfeld-Jimbo r-matrix 
r-Dj- 

Lemma 4.9. Let X G GL(n,K). Assume that for any a G Gal(K/K), 
X~ l o-(X) G diag(n,K). Then there exist Q G GL(n,K) and D G diag(n,K) 
such that X = QD. 
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Proof. Let o G Ga/(K/K) and <j(X) = XD a , where D a = diag(c?i, ...d n ). 
Here di depend on a. Then o~(xij) = x^dj, for any i, j. 

On the other hand, in each column of X there exists a nonzero element. 
Let us denote these elements by x^i, Xi nTl . For j = 1, er(xji) = Xnd\ and 
c(^iii) = ^ni^i- These relations imply that a{xn/xi 1 \) = Xn/x^i for any 
a G Ga/(K/K) and thus Xn/x^i G K, for any i. 

Similarly, x^jx^ G K,..., Xi n /xi nn G K, for any i. Let Q = (kij) be the 
matrix whose elements are kij = Xij/x^j, for any i and j. 

Thus X = QD, where Q G GL(n, K) and .D = diag^^i, Xi nn ). 

□ 

Proposition 4.10. Forg = sl(n), the Belavin-Drinfeld cohomology H^ D {r£,j) 
associated to r^j is trivial. 

Proof. It is enough to show that any cocycle is equivalent to the identity. 
Let X = (xij) be a cocycle from Z(rrjj), i.e. X~ l a(X) G C(rDj), for any 
a G Gal(K/K). _ 

From [TJ, we recall that C(r DJ ) = diag(n, K). It follows that X~ 1 a(X) G 
diag(ra,K). According to Lemma l4.9[ there exists Q G GL(n, K) and D G 
diag(n, IK) such that X = QD. This proves that X is equivalent to the 
identity. □ 

It turns out that the above result is true not only for r^j. Given an 
arbitrary r-matrix r^D from the Belavin-Drinfeld list, the corresponding 
cohomology is also trivial. First we will take a closer look to the centralizer 
C{tbd) °f an r-matrix rgD- 

Lemma 4.11. Let rsD be an arbitrary r-matrix from the Belavin-Drinfeld 
list. Then C{r BD ) C diag(n,K). 

Proof. Suppose we have fixed a Cartan subalgebra \) and a root system. Let 
Qo denote the Cartan part of Q. Let e Q , e_ a , h a be Chevalley generators 
such that K(e a ,e- Q ) = 1- Let r^j be the classical Drinfeld-Jimbo r-matrix: 

r DJ = ^ e * ® e -o + 2^°- 

Fix an admissible triple (Fi, T2, r) and some s G I) A f) satisfying the system 
((a — r(a)) £§> l)(2s) = ((a + t(«)) £g> 1)^0, f° r any a G Ti. To this data it 
corresponds a non-skewsymmetric r-matrix vbd from the Belavin-Drinfeld 
classification [TJ, given by the formula 

r B D = (r DJ - s) + e T fc (7) A e_ 7 . 

A:6N,7G(S , panri) + 
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On the other hand, given any tensor r = r' <E> r" G £j(K) <8> let us 

consider the endomorphism $(r) of g(K) defined by <J>(r)(x) = K(x, r')r". 
We make the following remarks: 

(i) $(r DJ ) is semisimple. Indeed, $(r DJ )(e_ Q ) = e_ a , $(r DJ )(e a ) = 0, 
${r DJ )(hf)) = \hp. 

(ii) $(e T fc( 7 ) A e_ 7 ) is nilpotent because r is admissible. 

The set of the roots of g consists of a disjoint union of the following strings: 
{-r k (>y), -r fe_1 (7), —J,t(j), ...,r k (>y)}. Then $(e T fc (7) Ae_ 7 ) acts only on this 
string (zero on other strings) and in the above basis the corresponding matrix 
is lower triangular: $(e r m( 7 ) A e_ 7 )(e_ T m( 7 )) = e_ 7 , $(e r m( 7 ) A e_ 7 )(e 7 ) = 
e T m( 7 ). On the rest of the string, $(e r m( 7 ) A e_ 7 ) acts trivially. 

(iii) C(tdj) = diag(n, K) (see [lj). One can check that s is invariant 
under diag(n, K) and therefore it follows that C(tdj — s) = diag(n, K). 

(iv) Let r = J2 r ' ® r" and X G C(r). Then £ K(Ad x (r'), a)Ad x (r") = 
£ iC(r', a)r", or equivalently, £ Ad^^r', Ad x -i(a))r") = J2 K X r ' a V '■ 
We then obtain Ad x &(r)Ad x -i = $(r). 

In conclusion, I 6 C(r) if and only if Ad x $>(r) = $(r)Adx- 

(v) On the other hand, because of the Jordan decomposition of ^(tbd), 
Adx commutes with ^(tbd) if and only if Adx commutes with its nilpotent 
part and its semisimple part. But commutation with the semisimple part, 
which is $(rDj), implies that X G diag(n, K). This ends the proof. □ 

Remark 4.12. The above result holds also for o(n) and the proof is similar. 
For sl(n) we are now able to give the exact description of C(tbd)- 

Lemma 4.13. C{tbd) consists of all diagonal matrices T = diag(ti, ...,t n ), 
such that ti = SiSi + i...s n , where s, G I satisfy the condition: Sj = Sj if 
ati G Tx \ T 2 and r(«j) = ctj. 

Proof. Let us assume that tbd is associated to an admissible triple (r 1; r 2 , r), 
where Ti,r2 C {a±, a n -i}. Let T G C[r bd) ■ According to Lemma [4.111 
T G diag(ra, K), therefore we put T = diag(ii, ■■■,t n ). Now we note that 
T G C{tbd) if and only if (Ady <8> Adr){e T k^ A e_ Q ) = e T ki a \ A e_ Q for any 
qGL and any positive integer k. 

For simplicity, let us take an arbitrary a, G Ti \ T 2 and suppose that 
r(«j) = ctj. We then get t{t^ +l = tjtj +1 . Denote Sj := tjtj +1 for each 
j < n — 1 and s n = t n . Then tj = SjSj + i...s n and moreover Sj = sj. 

□ 

Theorem 4.14. For g = sl(n), the Belavin-Drinfeld cohomology associated 
to any rBD is trivial. Any Lie bialgebra structure on g(K) is of the form 
5(a) = [r, a Cg) 1 + 1 (g) a] ; where r is an r -matrix which is GL(n, K) -equivalent 
to a non-skewsymmetric r-matrix from the Belavin-Drinfeld list. 
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Proof. Let X be a cocycle associated to tbd which is a fixed r-matrix from 
the Belavin-Drinfeld list. Thus X~ 1 a(X) belongs to the centralizer of the 
tbd- On the other hand, according to Lemma 14. 11[ C(tbd) Q diag(n, K). 

We then obtain that for any a G Ga/(K/K), X~ 1 o~(X) is diagonal. By 
Lemma l4.9[ we have a decomposition X = QD, where Q G GL(n,K) and 
D G diag(K). Since a(Q) = Q, we have X~ 1 a{X) = (QD)- 1 a{QD) = 
D~ 1 Q- 1 Qa(D) = D^ 1 a(D). Recall that X~ 1 a{X) G C{r BD ). It follows 
that D- 1 a(D) G C(r BD )- 

Let D = diag(di, d n ). Then diag(d^ 1 a(di), d~ 1 a(d n )) G C(vbd)- 
Denote tj = d^ 1 a(d{) and T = diag(ii, i n ). Acording to Lemma 14.131 
T G C(tbd) if and only if t i t i4 1 1 = tjtj +1 . Equivalently, a^d^di^djdj^) = 
d~ l d i+ idjd~] rl . It follows that d^di+idjdj^ G K. Let Sj := did~^ for any i 
and s n = d n . Then we get SjSj 1 G K. 

Let us fix a root «j G r x \ T 2 and let r^a^) = ctj. Then s^s" 1 G K, for 
any j. Denote kj := SjS^ Q l . 

On the other hand, d,- = SjSj + i...s n _iS n = kjhj + i...k n s™~ :j+l . Let X := 
&ia,g(kik 2 ...k ni k 2 ...k n , fc n ) and C := diag(s™, s™ -1 , s io ). Note that D = 
KC and K G GL(n, K). Moreover, according to Lemma 14. 13[ C G C(tbd)- 

Summing up, we have obtained that if X is any cocycle associated to 
tbd-i then X = QD = QKC, with QK G GL{n, K), C G C(r BD ). This ends 
the proof. 

□ 

The next step in our investigation of Belavin-Drinfeld cohomologies is for 
orthogonal algebras o(m). We limit ourselves to the case of Drinfeld-Jimbo 
r-matrix. 

Theorem 4.15. Let q = o(m) and r^j be the Drinfeld-Jimbo r-matrix. 
Then the following hold: 

(i) If m = In, then H B rj{ r Dj) is trivial. 

(ii) If m = 2n + 1, then H B o{ r Dj) is non-trivial and consists of two 
elements. 

Proof, (i) m = In. On K™ fix the bilinear form -B(x, y) = Y^=x x iUm+i-i- 
Then 0(m, K) consists of all X satisfying X T SX = S, where 5* is the matrix 
with 1 on the second diagonal and zero elsewhere. 

Let X G 0(m,K) be a cocycle associated to r^j- Thus X - V(X) G 
C(r DJ ). Recall that C(r DJ ) = diag(m, I)DO (m, K) . Therefore X~ 1 a{X) G 
diag(m, K). By Lemma 14.9} one has the decomposition X = QD, where 
Q G GL(m, IK) and D G diag(m, K). Let us write D = diag(<ii, d m ) and 
denote by q, the columns of Q and by Xj the columns of X. Then X = QD 
is equivalent to Xj = c^q,. 
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On the other hand, -B(xj, Xj) = 3 : which implies that -B(qj, <\j)didj = 
$m+i- 3 _ We get B ^ q ^ — q if i + j ^ m + i anc i B(qi, qm+i-i)did m+1 ^i = 1. 

Let ki := -B(qj, q m +i-i)- Since Q G GL(m, K), fcj G K. Because = 
did m+ i-i, it follows that D = QiDi, where Qi = diag(fcjf 1 , fc" 1 , 1..., 1) 
and Z?i = diag(rfiA;i, d n k n , d n +±, d 2n )- We note that X = (QQi)Di, 
QQi G 0(2n,K) and D\ G C(r DJ ), which proves that X is equivalent to the 
identity. 

(ii) m — 2n + 1. By Lemma l4.9[ we may write again X = QD, where 
Q G GL(n, K) and £> G diag(m,IK). 

Let fcj := -B(qj, q m +i-i) G IK. Repeating the computations as in (i), one 
gets fcj -1 = <ijc/ m+1 _j. If i — n + 1, d 2 +1 = G K. This implies that either 
d n+1 G K or d n+1 G j'K. 

Suppose first that d n+ i G IK. Consider = diag(/c]" 1 , fc" 1 , d n +i, !>•••, 1) 
.Di = diag(c?i fci, c? n /c„, 1, d n+2 ..., d 2n+1 ). We have £> = Q\Di and £>i G 
0(2n+ 1,K). Thus X = (QQx)D 1 , QQ 1 G 0(2n+l,K), £>i G C(r DJ ), i.e. 
X is equivalent to the trivial cocycle. 

Assume that d n+ i G j'K. Then cr(c/ n+1 ) = — d n+ i, for any a G Ga/(K/K). 

Let us fix s G IK 2n+1 such that B(s, s) = /i -1 (it always exists). In the 
orthogonal complement of IKs in IK 2n+1 choose a basis S; satisfying B(si, Sj) = 
^2n+2-j ^ T3 eno ^ e ^ e m atrix with columns Sj and the n + 1-th column 

js. Then Xo G 0(2n + 1,K). Moreover, it is a cocycle since for any a G 
Ga/(K/K), X^aiXo) = diag(l, 1, -1, 1, ...1). Let us prove that X is 
equivalent to X . 

First, recall that X = QQiDi, where Qi = diag(fcj" 1 , fc" 1 , c? n +i, 1, 1) 
and Di = diag(difei, d n k n , 1, d n+2 ..., d 2n+1 ). 

Consider Q 2 := QQiXq 1 . Let us show that Q 2 G SO{2n + 1, IK). It 
suffices to prove that QiXq 1 G GL{2n + 1,K), since X and QQi be- 
ing orthogonal over IK, Q 2 is obviously orthogonal over K. It is enough 
to check that for any a G Ga/(K/K), a^QiX^ 1 ) = QiXq 1 . Or equiva- 
lently, X ~V(X ) = Q^ l a{Q x ). But X^a{X Q ) = diag(l, 1, -1, 1, ...1) 
and Qi 1 o(Qi) = diag(l, 1, d^l 1 cr(d n+1 ), 1, ...1). Since a(d n+1 ) = -d n+1 , 
we have the desired identity. 

We thus obtained X = Q 2 X Q D l and Q 2 G 0{2n + 1, K), D\ G C(r DJ ). 

Suppose we choose another t G K 2n+1 such that i?(t,t) = h~ l . Then 
construct a basis tj of the orthogonal complement of Kt, satisfying -B(tj, tj) = 
^2n+2-j T3 eno ^ e y the matrix with columns tj and the n + 1th column 
jt. Then one can check that X Q Y Q l G 0(2n + 1,K). It follows that X and 
Yq are equivalent. Therefore the Belavin-Drinfeld cohomology H\ D {r£,j) for 
o(2n + 1) has exactly two classes, the identity and that of X . 

□ 
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We have just seen that in case g = o(2n), the Belavin-Drinfeld cohomol- 
ogy H BD {r B j) is trivial. Regarding Belavin-Drinfeld cohomology H bd (tbd) 
for an arbitrary tbd, we can give an example where this set is non-trivial. 
Let us denote the simple roots by = — e^+i, for i < n, a n = e n -\ + e n , 
where {ei} is an orthonormal basis of fj*. Let T\ = {a n _i}, r 2 = {ce n } 
and r(a n _i) = a„. Denote by tbd the r-matrix corresponding to the triple 
(r 1; r 2 , r) and s, where s 6 f)Af) satisfies ((cn n _i — a n )) <8> l)(2s) = ((a n -i + 
On)) ® l)fi . 

Lemma 4.16. T7ie centralizer C (r bd) consists of all diagonal matrices of the 
form T = diag(ti, £„_i, ±1, ±1, t~_ 1} t^ 1 ), /or arbitrary nonzero t%, t 2 E 
K. 

Proof. By Remark C(r BjD ) C diag(2n, I)nO (2n, K) . Let T E C{r BD ), 
where T = diag(£i, t n , t" 1 , ). Since T commutes with r and r^j, 
T G C{t B d) if and only if (Ad T ® Ad T )(e an A e an _J = e Qn A e^^. One 
can check that (Ady ® AdT)(e an A e an -i) = t~ 2 e an A e,^^. Therefore we get 
£~ 2 = 1 and the conclusion follows. □ 

Proposition 4.17. Let g = o(2n) and rsD the r-matrix corresponding to the 
triple (ri,r 2 ,r), and some s E f) A f), where T\ = {a n -i}, r 2 = {«„} and 
r(a n -i) = a„, aid ((a n _i - a n )) ® l)(2s) = ((a„_i + «„)) ® l)fl . 
27ien H bd (tbd) is non-trivial. 

Proof. Assume that X^a(X) E C(r BD ) for all a E Gal(K/K). By the above 
lemma, X~ x a{X) = diag(t 1; t n _i, ±1, ±1, t~\, t^ 1 ). 

On the other hand, since X~ 1 a(X) is diagonal, it follows from Theorem 
I4.15l that there exist Q E 0(2n, K) and a diagonal matrix D E 0(2n, K) such 
that X = QD. Let D = diag(si, s n , s" 1 , s^ 1 ). Since Q E 0(2n, K), for 
any cr G Gal(K/K), a(Q) = Q. We obtain X- l a{X) = D~ x Q- x Q<t(D) = 
D~ x a(D), which is equivalent to the following system: s^ 1 a(s i ) = t iy for all 
i < n — 1 and s~ 1 a(s n ) = ±1. 

Assume first that there exists a such that o~(s n ) = —s n . Then s n E j'K. 
One can check that X is equivalent to Xq = diag(l, 1, 1) which 
is a non-trivial cocycle. 

If cr(s n ) = s n for all a G Ga/(K/K), then s n G IK. In this case, D = 
diagOi, s n _i, 1, 1, s~\, s^ 1 )diag(l, 1, s n , s' 1 , 1, 1), where the first 
matrix is in C {tbd) and the second in 0(2n,K). This proves that X is 
equivalent to the identity cocycle. 

□ 
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5 Lie bialgebra structures in Case III 



Here we analyse the Lie bialgebra structures on g(K) for which the cor- 
responding Drinfeld double is isomorphic to g(K[j]), where j 2 = H. The 
question is to find those subalgebras W of g(K[j]) satisfying the following 
conditions: 

(i) W@g{K)= S (K\j]). 

(ii) W = W 1 - with respect to the nondegenerate symmetric bilinear form 
Q given by 

Q(fm+jf 2 (h), gi (h)+jg 2 (h)) = K(h,g 2 ) + K(f 2 , 9l ). 

We will restrict our discussion to g = sl(n). We begin with the following 
remark. The field K[j] is endowed with a conjugation. For any element 
a = fi + jj 2, hs conjugate is a := fi - jf 2 . 

If A = Ax + jBi and B = A 2 + jB 2 are two matrices in sl(n, K[j]), then 
Q(A,B) = Tr(A 1 B 2 + B X A 2 ), i.e. the coefficient of j in Tr(AB). 

Lemma 5.1. Let L be the subalgebra of sl(n, which consists of all 

matrices Z = (2^) satisfying = ~z n +i-i,n+i-j- Then L and sl(n,K) are 
isomorphic via a conjugation o/s/(?7,,K[j]). 

Proof. Assume that Z = (z^) satisfies Zij = ~z n +i-i,n+i-j- Then Z = SZS, 
where S is the matrix with 1 on the second diagonal and zero elsewhere. 

Choose a matrix X e GL(n,~K[j]) such that X = XS. Then XZX^ 1 = 
XSZSX- 1 = XZX~ l which implies that XZX^ 1 e sl(n, K) _Conversely, if 
A G sl(n,K), then Z = X^AX satisfies the condition Z = SZS. □ 

From now on we will identify sl(n, IK) with L. Let us find a complemen- 
tary subalgebra to L in sl(n, Let us denote by H the Cartan subalgebra 
of L. If we identify the Cartan subalgebra of sl(n, with K 2 ^ n_1 \ then 
if is a Lagrangian subspace of K 2(n ~ 1 - ) . Choose a Lagrangian subspace H 
of K 2 ^ 1 ) such that H has trivial intersection with H. Let N + be the alge- 
bra of upper triangular matrices of sl(n, K[j]) with zero diagonal. Consider 
Wq = Hq © iV + . We immediately obtain the following 

Lemma 5.2. The subalgebra Wq as above satisfies conditions (i) and (ii), 
where sl(n,K) is identified with L as in Lemma \5. 1\ 

Proposition 5.3. Any Lie bialgebra structure on sl(n, IK) for which the clas- 
sical double is isomorphic to sl(n, IK[j]) is given by an r -matrix which satisfies 
CYB(r) = and r + r 21 = jVt. 
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Proof. Let Wq be as in the above lemma. By choosing two dual bases in 
Wo and sl(n, K) respectively, one can construct the corresponding r-matrix 
ro over K. It is easily seen that tq satisfies the system CYB(ro) = and 
r o + rl l = jQ. 

Let us suppose that W is another subalgebra of sl(n,¥L[j}), satisfying 
conditions (i) and (ii). Then the corresponding r-matrix over K is obtained by 
choosing dual bases in W and sl(n, K) respectively. We have r + r 21 = aQ for 
some a G IK[j]. On the other hand, the classical double of the Lie bialgebras 
corresponding to r and ro is the same. This implies that r and ro are twists 
of each other and therefore a = j. □ 

On the other hand, over K, all r-matrices are gauge equivalent to the ones 
from Belavin-Drinfeld list. It follows that there exists a non-skewsymmetric 
r-matrix tbd and A G GL(n,K) such that r = j(Adx <8> Adx)(rB£>)- 

Consider an arbitrary a G Ga/(K/K). Since 5 is a cobracket on sl(n, K), 
(a <g> er)(5(a)) = 5(a) and (a <g) a) (6 (a)) = [a(r), a ® 1 + 1 ® a). 

At this point it is worth noticing that IK = ¥L(h l/pn ), where p runs over the 
set of prime integers and n G N*. It is known that GaZ(K/K) = Z = limZ, 



where the projective limit is taken over all subgroups of Z. Clearly, the 
subgroup 2Z acts trivially on Assume that <r G 2Z. Exactly as in 

section 4, it follows that cx(r) = r and if r = (Adx <8> Adx) (j'^bd) with 
A G GL(n,K), then a(A) = 
Let us notice the following: 



(ii) Gal(KfK\j]) = 2Z = Z, the latter isomorphism being an isomorphism 
of abelian groups. 

It means that we can use the same arguments as in the proof of Lemma 
14.91 to obtain the following result 

Lemma 5.4. Let X G GL(n,K). Assume that for any a G Gal(K/K[j}), 
X~ l a(X) G diag(n, K). Then there exists P G GL(n,K[j}) and D G diag(n, K) 
such that X = PD. 

Now let us consider the action of G Gal(K[j]/~K), az(a+bj) = a — bj : = 
a + bj. Our identities imply that cr 2 (r) = r+aQ, for some a G K. Let us show 
that a = —j. Indeed, since r + r 21 = jQ, we also have o~2{r) + cr2(r 21 ) = — jQ. 
Combining these relations with 02 (r) = r + aQ, we get a = —j and therefore 
cr 2 ( r ) = r - jQ = -r 21 . _ 

Recall now that r = j(Adx ® Ad x )(r BD ). It follows that A G GL(n, K) 
must satisfy the identity (Adx-i CT2 (X) ® Adx-io- 2 (x))( r BB) = r BD- We have 
obtained the following 



(i) m = cm. 
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Proposition 5.5. Any Lie bialgebra structure on sl(n, K) for which the clas- 
sical double is sl(n,K[j]) is given by an r-matrix r = j(Adx <E> Adx)(r BB ), 
where r BB) is a non-skewsymmetric r-matrix from the Belavin-Drinfeld list 
and X E GL(n,K) satisfies (Adx-i a2 (X) ® Adx-i<r 2 (x))(rB.D) = t% d and 
(Ad x -i CT(x) <g> Ad x -i a(x) )(r BD ) = r BD for o E Gal(K/K[j]). 

Definition 5.6. Let r BB . be a non-skewsymmetric r-matrix from the Belavin- 
Drinfeld list. X E G(K) is called a Belavin-Drinfeld twisted cocycle asso- 
ciated to r BD if (Ad x -i a2 (x) <£> Ad x -i CT2(x) )(r BjD ) = and for any a E 
Gal(K/K[j]), (Ad x - Mx) ® Ad x - MX) )(r BD ) = r BD . 

The set of Belavin-Drinfeld twisted cocycle associated to r B o will be 
denoted by Z(r BB >). 

Now, let us restrict ourselves to the case r BB > = r^j. In order to continue 
our investigation, let us prove the following 

Lemma 5.7. Let S be the matrix with 1 on the second diagonal and zero 
elsewhere. Then rj^j = (Ads <8> A-ds)r B j. 

Proof. We recall that r B j is given by the following formula: 

Q>0 

where Qq is the Cartan part of Q. 

First note that (Adsf<8>Ads)(ey<8>ejj) = e n+ i_j jn+ i_j®e n+ i_j jn+ i_j, which 
is a term in r^j, if i > j. On the other hand, since Q is the Cartan part 
of the invariant element Q, we get (Ads ® Ads)fio — ^o- This could also be 
proved by using the following: Qq = n X^ILi e «« ® e u~ I ® I, where I denotes 
the identity matrix of GL(n,~K). Then the identity rjjj = (Ads <8> Ads)r B j 
holds. 

□ 

Remark 5.8. Z(r B j) is non-empty. Indeed, choose X E GL(n,~K[j]) such 
that c7 2 (X) = XS. Then X E Z(r DJ ). 

Corollary 5.9. Let X be a Belavin-Drinfeld twisted cocycle associated to 
r B j. Then X = PD, where P E GL(n, and D E diag(ri,K). Moreover, 

a 2 (P) = PSD 1 , where D x E diag(n, K[j]) . 

Proof. Since X is a twisted cocycle, for any o E Gal(WL/¥L[j]), X~ 1 a(X) E 
C(rjjj). Recall that C(r DJ ) = diag(n, K). By Lemma [5^ we have X = PD, 
where P E GL(n,K[j}) and D E diag(rt,K). 
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Lemma 15.71 implies that S l X 1 o~ 2 (X) =: D 2 G diag(n, K). Equiva- 



lently, S- 1 D- 1 p- 1 a 2 (P)a 2 (D) = D 2 . Hence P- l a 2 (P) = DSD 2 a 2 (D- 1 ). 
Let Dx := S' 1 DSD^D^ 1 ) G diag(n,X). Then a 2 (P) = PSD 1 and 



Definition 5.10. Let X± and X 2 be two Belavin-Drinfeld twisted cocy- 
cles associated to Tdj- We say that they are equivalent if there exists 
Q G GL(n, X) and D G diag(n, X) such that X x = QX 2 D. 

Remark 5.11. Assume that X is a twisted cocycle associated to rpj. By 
Corollary [531 X = PD and is equivalent to the twisted cocycle P G GL(n, X[j]). 

Definition 5.12. Let H BD {r£,j) denote the set of equivalence classes of 
twisted cocycles associated to r^j. We call this set the Belavin-Drinfeld 
twisted cohomology associated to the r-matrix r^j. 

Remark 5.13. If X\ and X 2 are equivalent, then the corresponding r-matrices 
ri = j(Ad Xl ® M Xl ){r D j) and r 2 = j(Ad Xa <g> Ad X2 )(r DJ ) are gauge equiv- 
alent via Q G GL(n, X). 

Proposition 5.14. There is a one-to-one correspondence between H l BD {rr>j) 
and gauge equivalence classes of Lie bialgebra structures on sl(n, X) u>z£/i 
classical double s/(n, X[j]) and K-isomorphic to 5(r^j). 

Proposition 5.15. For g = sl(n), the Belavin-Drinfeld twisted cohomology 
H BD (rrjj) is trivial. 

Proof. Let X be a twisted cocycle associated to r^j- By Remark 15. 11[ X is 
equivalent to a twisted cocycle P G GL(n, X[j]), associated to r^j- We may 
therefore assume from the beginning that X G GL(n, X[j]) and it remains 
to prove that all such cocycles are equivalent. 

Choose Xq G GL(n, X[j]) such that X = X S. We will prove that 
X and Xo are equivalent, i.e. X = QXqD', for some Q G GL(n, X) and 
£>' G diag(n, X[j]). We will illustrate the computations for n = 2,3. For 
n = 2, one can choose 



satisfy X = XST> with D = diag(di,d 2 ) G GL(2,K[j}). The identity is 
equivalent to the following system: a = bdi, b = ad 2 , c = ddi, d = cd 2 . 



Di6diag(n,K[y]). 



□ 




Let 
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Assume that cd ^ 0. Let a/c = a' + b'j. Then b/d = a' — b'j. One can 
immediately check that X = QX D', where 

Q = ( f q ) e GL(2,K), -D' = diag(c,d) G diag(2, K[j]). 

Let n — 3. In this case one can choose 

/I 1 \ 
X = 1 . 
V 3 - j J 

LetX = (a i:j ) G GL(3,K[j}) satisfy X = XSD, with = diag(di, d 2 , 4) e 
GL(3, K[j]). The identity is equivalent to the following system: aTf = ^1013, 

^21 — ^1^23) a 31 = ^1^33, Ol2 = d 2 ai2, 2 2 = ^2^22, &32 = ^2^32, &13 = ^fln, 

a^i = d 3 a 2 i, aii = d 3 a 3 i. Assume that 021022023 7^ 0. 

Let a u /a 2 i = b u + b 13 j and a 3 i/a 2 i = &31 + &33.7- Then ai 3 /a 2 3 = b u -b 13 j 
and 033/023 = O31 — 633 j. On the other hand, let 612 := 012/022 and 632 := 
022/^32- Note that fe 12 G K, 6 32 G K. One can immediately check that 
X = QX D', where 

/ 611 612 613 \ 

Q= 1 1 GGL(3,K), J D / = diag(a 2 i,022 , 02 3 ) Gdiag(3,K[j]). 

\ &31 ^32 &33 / 

For n > 3 the proof is quite similar to the discussed cases above. □ 

The next step would be to compute the Belavin-Drinfeld twisted coho- 
mology corresponding to an arbitrary r-matrix Tbd- However, we do not 
expect this set to be trivial, as it happened for the untwisted cohomology. 
Actually there are cases when even Z{tbd) is empty. 

Remark 5.16. Let tbd be an arbitrary r-matrix associated to an admissi- 
ble triple (r 1 ,r 2 ,T). Then r 2 B l D is associated to the triple (r 2 , ri, t _1 ). On 
the other hand, one can check that the r-matrix (Ads ® Adg)r bd is asso- 
ciated to the triple (SQ^), S(T 2 ), S(t)), where S(Ti) := {S(a) : S(a)(h) = 
a(Ad s (h))} and 5(r(a)) = r(S(a)). 

Assume X G Z{t B d)- By definition, (Ad x -ia(x) ® Adx-i CT (x))(^BL>) = 
r 2 B l D . It follows that r B x D and (Ads ® Ads)r B D are gauge equivalent, so 
the corresponding admissible triples should be the same. Therefore we get 
S(Ti) = T 2 and S(t) = r _1 . In conclusion, if one of these conditions is not 
satisfied then Z{tbd) is empty. 
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6 Conjectures 



6.1 Belavin-Drinfeld cohomology conjecture 

Let g be a simple Lie algebra and G = Ad(g) be the corresponding adjoint 
group. Let C(K, tbd) be the subgroup of elements of G(K) which act trivially 
on r BD . 

Definition 6.1. We say that X G G(K) is a Belavin-Drinfeld cocycle asso- 
ciated to r BD if X~ l a(X) G C(K, tbd), for any a G Gal(K/K). 

Definition 6.2. Two Belavin-Drinfeld cocycles X\ and X2 are equivalent if 
Xi = QX 2 C, where Q G G(K) and C G C(l,r SD ). 

Let us denote the set of equivalence classes by H bd (G,Tbd)- 

Conjecture 6.3. Let Q be a simple Lie algebra and r^j the Drinfeld-Jimbo 
r-matrix. Then H BD (G,rrjj) is trivial if and only if q is simply laced (type 
A, D, E). 

Remark 6.4. It is not difficult to deduce from Theorems 14.141 14.151 that the 
conjecture is true for A and D series. 

6.2 Quantization conjecture 

Let L be a finite dimensional Lie algebra over C and 5 a Lie bialgebra struc- 
ture on L(K) such that 5 = O(modft). 

Let (Un(L),Afi) be the corresponding quantum group. Let G(K) = 
Ad(L(K)) and G(K) = Ad(L(K)). Let us define the centralizer C(K,5). 

Consider the classical double D(L(WL), 5). Clearly, 5 can be extended to a 
Lie bialgebra structure S on L(K) and D(L(K), 5) contains D(L(K.), 5), more 
precisely D(L(K),5) = D(L(K),5) ®kK. The universal classical r-matrix 
r s = Y J e i ®e i is the same for D(L(K),8) and D(L(K),5). 

Definition 6.5. The centralizer C(K, 5) consists of all X G G(K) such that 
(Adx® Ad^)(r,5) = r$ + aQ, where Q is an invariant element of D(L(K), 5)® 2 
and Ad* is the coadjoint representation on (L(K))*. 

Definition 6.6. We say that X G G(K) is a Belavin-Drinfeld cocycle asso- 
ciated to 5 if a(X) = XC, where C G C(K, 5). 

Two cocycles, associated to 5, X\ and X2 are equivalent if X\ = QX2C, 
where Q G G(K) and C G C(K, 5). 

The set of equivalence classes will be denoted by H BD (G, 5). 
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Now let us define quantum Belavin-Drinfeld cohomology. The quantum 
group (Ufi(L), An) is defined over O = C[[ft]]. We extend the Hopf structures 
of U h (L) to U h (L,K) = U h {L) (g) Q K and U h (L,K) = U n {L) (g) K K. By abuse 
of notation, A^ denotes all three comultiplications. 

Definition 6.7. Let P be an invertible element of C4(L, K). We say that it 
belongs to C(U h (L), A») if (P <g> P)A h (P- 1 aP)(p- 1 <g> P" 1 ) = A R (a) for all 
a E U h (L). 

Denote F P := (P <g> P)A ft (p- 1 ) G C/r(L, K) 02 . 

Definition 6.8. P is called a quantum Belavin-Drinfeld cocycle if <r(P) = 
PC, for any a E Gal(K/K) and some C E C{U n (L),A h ). 

Two quantum cocycles Pi and P 2 are equivalent if P 2 = QP\C where Q 
is an invertible element of Un(L,K) and C E C(Un(L), A h ). 

Remark 6.9. On Un(L) consider the comultiplications A^ ) p 1 (a) = Fp 1 Af i (a)Fp 1 
and A fi „p 2 (a) = Fp 2 A h {a)F£. Clearly, A fi ,p 2 (a) = (Q <g> Q)A h! p 1 (Q- 1 aQ) • 
(<5 _1 <S> <5 -1 )- Since Q € C/r(L(K)), it is natural to call A^ Pl and A^p, 
K-equivalent comultiplications on C/^(L(K)). 

The set of equivalence classes of quantum Belavin-Drinfeld cocycles will 
be denoted by H^_ BD (A h ). 

Conjecture 6.10. There is a natural correspondence between H^ D (G, 5) and 
Hl q -BD(^h)- 
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